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Abstract

We review a recently developed ab initio multireference (MR)-
density functional theory (DFT) approach based on the partially
interacting reference systems. Instead of Kohn—Sham equations,
we introduce the auxiliary CI equation with the effective DFT
potential field. For practice, we classify electrons of the target
system into valence electrons and other electrons. The former
plays the quantum resonating feature of electronic structure of
molecular species, while the latter affects the electronic proper-
ties via the effective correlation potential for the former elec-
trons. The theoretical devices in our MR-DFT are introduced
to avoid the double counting problem for any combination of
a wavefunction and a correlation functional. Some numerical
examples are presented.

¢ 1. Introduction

It is well known that the “molecular orbital (MO)” is a fun-
damental ingredient of chemistry, which enables us not only to
understand but also to predict the mechanism of many chemical
phenomena.! However, the several chemical-and-physical fea-
tures, such as atomic multiplets,? biradical species,>* molecular
species exhibiting ion-radical characters,>® etc., are beyond the
scope of the simple MO picture. The “resonation”” of the several
electronic configurations, which is emphasized by Pauling, is an-
other key concept for understanding the functionality and reac-
tivity of chemical compounds in such cases. In the context of
ab initio computational chemistry, these two ingredients can
be exploited by using the Kohn—Sham (KS) density functional
theory (DFT)? and by the multireference (MR) wavefunction
theory (WFT) such as configuration interaction (CI) theory, re-
spectively. Then, the electron correlation effects are divided into
nondynamical and dynamical correlation effects.'®!! The former
corresponds to the concept of “resonation,” which obviously re-
flects the structure of the system. On the other hands, the latter is
mainly due to structure-independent correlation effects, which
are expected to be covered by an effective field for the MOs. In-
deed, in the KS-DFT, electrons occupied up to highest occupied
MOs (HOMOs), under the effective exchange-correlation (XC)

potential designed so that the XC effects are covered within
the single-determinant picture. Despite its great success, the
KS-DFT does not work well for the case that the density is not
noninteracting v-representable,'? i.e., the density can not be de-
scribed by simple MO picture with a single-determinant.'! Such
cases are just situations beyond MO picture cited above. The
problem stems from the “resonation” of several configurations
of the electronic structure, so a straightforward remedy is to
merge a MR-WFT into the DFT, being MR-DFT.

Because the prescription to cover the electron correlation by
KS-DFT is quite different to that of the MR-WFT, this is a very
difficult issue. The first generation of MR-DFT suffers the severe
double counting problem,'? but recent developers resolve this
problem by several ways.'*!> We contribute to the issue of
how to define the spin-polarizability of a singlet MR solution
by introducing the radical density and/or ionic density expressed
by natural orbitals and those occupations of MR wavefunc-
tions. '

Recent developments of MR-DFT’s are obviously towards
the multireference version of density functional theory.!13:17-19
Kusakabe introduces MR-WF in order to define a universal func-
tional of a partially interacting system, deriving the set of equa-
tions called “the extended KS-DFT (EKS-DFT).”!? Savin and
his co-workers have developed a MR-DFT based on adiabatic
connection by dividing the Coulomb interaction into the short-
range and long-range parts.'> We also present a multireference
version of DFT, but the universal functional, of which the defi-
nition is a key point of MR-DFT, is defined by exploiting, not the
limitation of two-electron term but the extent of wavefunction
expansion.!” The mathematical framework of our MR-DFT is
given by a CI equation with a residual density functional corre-
lation potential. It is obvious that the effective CI problem of the
MR-DFT should be solved by an iterative manner, so we call it
“iterative CI-DFT (ICI-DFT) approach.”!” The setting of ICI-
DFT implies that there are two types of electrons: The members
of the first type constitute an explicit many-electron system, i.e.,
cover a resonating picture of the electronic structure. In other
words, it is desirable to set valence electrons as these electrons.
Other electrons play a backstage role for the valence electrons
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via a residual density functional correlation potential. An impor-
tant class of MR-DFT is complete-active-space (CAS)-DFT
where the CAS wavefunction is employed to treat resonating
features completely.'l1416,18,19

We omit the orbital relaxation effect of CAS self-consistent-
field (SCF), i.e., use CASCI for wavefunction part of MR-DFT.
As for a residual DFT correlation term, we employed two
schemes. First one is that developed by Miehlich, Stoll, and
Savin (MSS) and Grifenstein and Cremer (GC),'* in which we
assume CAS type for wavefunction in MR-DFT. Second one
is based on the Coulomb partition scheme using Yukawa poten-
tial for short-range part,® which is suitable for more flexible
types of wavefunctions. The explicit residual correlation (RC)
functional is the Pade type rational functions yielded by quantum
Monte Calro results by Savin and Flad (SF).%° Further, we intro-
duce an effective two-electron operator into ICI-DFT equation to
incorporate the Coulomb partition scheme into our MR-DFT.
The computational results of ICASCI-DFT using MSS-GC
and SF-Pade schemes on atoms are presented as an illustrative
example.

¢ 2. Theory

2.1 MR-DFT for Ground State
We first review the fundamental aspect of DFT. The starting
point of DFT is the energy expression for ground state,?!

E = Miny [F[,o(r)] + / drp(r)Vexl(r)} &)

where Vi (r) is an external potential and [ p(r)] is the universal
functional of Hohenberg—Kohn-Levy,?! defined as

FIp(r)] = Miny pir) (WIT + Vee | W) 2
The corresponding Euler equation is,
SFp(n)]
W = Ve + 1 (3)

The explicit form of this universal functional is not given, so eq 3
is not a practical equation for computations.

Kohn and Sham?® enable us to use DFT as a powerful theo-
retical tool. The setting of KS-DFT is a virtual system where the
electrons behave like noninteracting electrons, but under the ef-
fective exchange-correlation (XC) potential. Then the universal
functional of KS-DFT is the noninteracting kinetic functional as

T.[p(r)] = Ming._. o) (®|T|®) 4)

E = Minpg)»n |:Ts[,0(r)] + Ueimb[0(r)]
%)
+ Exclp(n] + / d",O(r)Vext(r)i|

U.imb and Exc are the classical coulomb, XC terms, respectively.
The Euler equation is then given by

5Ts[,0(")] _ _VKS—DFT
5 ,O(I‘) eff
with the Kohn—Sham effective field defined by

(r+n (6)
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o ) SExclpr)]
,

7
it s

Vg‘?»DFT(r) = Vex(r) + /

Now, we shall proceed to MR-DFT. Some of recent devel-

opers of MR-DFT first incorporate the part of Coulomb interac-

tion term into the universal functional. For instance, Savin and

his co-workers divided the Coulomb operator into short-and-
long range parts,

Vee _ Véi:Long + ‘}‘i:Short (8)

leading to an universal functional for a long-range interacting
system

FA (] = Ming_ p (W|T + VL @) )

They have proposed several options such as the Yukawa poten-
tial,? the error and erfgau function'® for eq 8. On the other hand,
Kusakabe suggests another reference system, in which the uni-
versal functional covers on-site repulsion terms.!” A reference
system is determined by choosing a part of electron repulsion
operator covered by a universal functional like eq 9.

In contrast to these “Coulomb-driven” MR-DFTs, we used a
“wavefunction-driven” MR-DFT. In other words, the reference
system of MR-DFT is defined by choosing a variational space of
MR wavefuctions, i.e., a part of N-electrons’ Hilbert space,

FPLp(r)] = Min,_, i (W|T + Vee| V) (10)

@ o %

The superscript, “p” means that the variational space for con-
strained search is limited to the specific extent of wavefunction
expansions such as CASCI, MR-CI, etc. An alternative expres-
sion of energy functional becomes

Eo= Mz'nm,HN[FP[p(r)] + Exclp(r)]
(11)
+ / drp(r)vwm]

Obviously, this equation holds from eq 1: We can define the
implicit residual correlation (RC) functional, Egrc[p(r)] as
F[p(r)] — FP[p(r)]. Although it is not clear whether Erc[0(r)]
can be described by an explicit density functional, we shall
approximate it as semilocal density functional as presented in
the later section. An Euler equation using this modified universal
functional becomes a similar form to the original (Hohenberg—
Kohn-Levy) DFT as

SFPLp(n]/8p(r) = —VERPT () + 1 (12)
but the RC term is included in the potential
SErc[p(r)]

VEEPI (1) = Ve () + (13)

Sp(r)
We here assume both of the modified universal functional
and the RC functional are differentiable. The effective CI-DFT
equation is given by

(T + Vee + Vext + VRO)IW) = Enroprr| W) (14)
Here, T and V., are the kinetic and the external potential oper-
ators, respectively. The coordinate representation of the RC
potential, Vg is given by

Vre(r) = SErc[p(r)]/3p(r) as)

In Table 1, we summarize fundamental features of the original
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Table 1. Fundamental features among the original (Hohenberg—Kohn-Levy’s) DFT, Kohn—Sham-DFT, and multireference-DFT

Hohenberg-Kohn-Levy DFT

Kohn-Sham DFT

Multireference DFT

Reference system Real system

Universal functional FLp(r)] = Miny_ o) (Y|T + Vee| W)

SFIp(r)] _
dp(r)

Euler equation —Vex(r) + 1

Effective field

Vé—lf:‘(LDFT(r) = Vex(r)

Variational ingredient Density

Noninteracting system

T[p(P)] = Ming_. o (®|T|P)

ST, [p(r)]
Spr)

+/dr, o) n
r—r

Kohn—-Sham orbital coefficients

Partially interacting system

FPLp(r)] = Minl,_, i, (WIT + Vee| )

SFP o] _

—VESDFT(p) 4 gy ooy = Ve 0+ p
KS-DFT _
Vv (I‘) = Vexl(r) MR-DFT _ 5ERC [p(r)]
SExclpry)  Ver ()= Vel + 0

dp(r)

CI coefficients (and molecular
orbital coefficients?®).

“MCSCF-DFT

(Hohenberg—Kohn-Levy’s) DFT, KS-DFT, and MR-DFT.

Since the RC potential Vgc depends on the density of CI
solutions, Eq 14 must be solved to be self-consistent. We omit
the spin-dependency of the RC in Eqs 14 and 15 in order to avoid
symmetry broken feature due to a fictitious effective magnetic
field like KS-DFT. This is critically different to our previous
study.'®

2.2 MR-DFT for Excited State
There are two options if we intend to derive MR-DFT for
excited states via a variational manner. First one is based on
the Levy—Perdew—Lieb’s (LPL) bifunctional'>?? for kth excited
state,
Fl _ L{Witico,. k-1
10()’ pk] Mln\l/—>p ("IllT'i‘ Vee|\p> (16)
Here, the variational space of the right side is limited to be or-
thogonal to up to k — 1 eigenstates under the constraints that
the ground-state density is given by o, and the kth state density
by 0. Then, the minimization of kth state energy is given by

E, = Min, [F[po,pk] + / drvex&r)p(r)} (17

Levy and Nagy have developed the variational KS-DFT for
excite states based on the LPL bifunctional.>® The MR-DFT
implementation of LPL theory is straightforward as follows:
We start from the modified universal bifunctional,

FPLpy. il = MinlZ, )4 (WIT + Ve [ W) (18)

7

Here, an additional “p” has a similar meaning to that in Eq 10.
That is, W is a specific type of CI wavefunction, which yields the
density, p,. Then, the effective CI equation is given by

(T + Vee + Vet + Vel 0o DY) = Ef g per|¥)  (19)

This is similar to eq 14, but note that the lower-lying states must
be projected out from the variational space of eq 19.

A second MR-DFT for excited states is based on the sub-
space DFT developed by Theophilou et al.>* The generalized
ensemble DFT has also been developed.? In the Theophilou’s
theory, a variational principle of the energy functional

1 M N
Ew =10 o (WilH W)

for the average density up to Mth low-lying states

= Minp, nEwlpn(M] (20

1 M o
=27 2 (ViAW) @n

holds. Here, H is a usual ab initio Hamiltonian. Nagy applies this
theory for the KS-DFT.2® The MR-DFT formalism of Theophi-
lou’s work is as follows. The average energy functional is
defined for the specific CI wavefunctions,

pav(r)

1 M N A
EMRDFT i, |:Mzn W 0l 37 Z (T + Vee |W))
+ / dr,,(r)Vex(r) +ERc[,OaV(r)]} (22)

Here, {V; }M , are the M low-lying CI solutions, of which the
average density is given by p,,(r). Note that the energy of the
average of {\IJ,-}?il, not of an individual state, is minimized
within the specific variational space of CI,

Ey = Minj,,
1 M XA A
x [M ST W+ Vee + Ve W3) + ERc[pav(r)]}
(23)
under the orthogonal conditions,
(W) = &;; 24

Then, the minimization of Lagrangian,
1 M PN A
LI{¥;}] = — Zle (Wi|T + Vee + Ve (M|Vi) + Ercl[op(r)]

- Z 11(81/

leads to the equation,

(WilW))) (25)

SER
{T+Vee+vext(r)+ 8[) (r)}|\IJ) Z?;IEU“IJ]) (26)

Since the average observable is invariant for any unitary trans-
formation among {¥; }”ﬂ 1,24 then the effective CI equation can

be rewritten as,

0Erc
T + Vee + Vext(r) +

3 ()}I‘If) EjW:) 27
Pay
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This MR-DFT formulation of subspace DFT reminds us the
Katriel’s suggestion that the subspace DFT is similar to the
original DFT using the super-Hamiltonian interpretation.?’

It should be noted that the average density and average en-
ergy obtained by solving eq 27 are of real systems, but the indi-
vidual densities and energies are not. To estimate the kth excit-
ed-state energy, we must first solve eq 27 using average density
up to kth state, and then solve eq 27 once more, but with average
density up to (k — 1)th state. Since these results provide the
sum of energies up to kth state, Z;;l E; and to (k — 1)th state,
Zf;ll E;, respectively, the difference is just the kth state energy,
Ey. Instead of this troublesome procedure, it might be possible to
approximate the individual energies of eq 27 as the real excited-
state energies. This type of approximation is known in the aver-
age MCSCF computation.?

The remaining problem is how to obtain the residual corre-
lation functional for kth state density in eq 19 and for average
density in Eq 27. A possible answer is the use of the RC func-
tional designed for the ground state. This is expected to be valid
if we can pack all of the state-specific correlation effects into the
universal (bi)functional of MR-DFT so that the remaining corre-
lations are of state-free. Thus, the explicit forms of RC function-
als for ground state that will be discussed in the next section, are
expected to be transferred to the excited states MR-DFT.

2.3 Residual Correlation Functionals

We choose two types of residual correlation functionals de-
veloped by precursors. First one is proposed by Miehlich, Stoll,
and Savin (MSS), and subsequently Grifenstein and Cremer
(GC).'"* In this method, we introduce a measure of active space
and have constructed a prefactor for the correlation term to filter
out the electron correlation contributed from CAS wavefunction.
The MSS-GC scheme works well for CAS-DFT.'*!® For in-
stance, we show the previous computational results'® of ener-
gy-corrected version of CASCI-DFT in Figure 1. As shown in
this figure, the deviations to experimental bond-lengths for some
molecules are improved by CASCI-DFT. However, this MSS-
GC scheme can be applied only for CAS wavefunctions.

For MR-DFT with a more flexible wavefunction, we intro-
duce the technique of “Coulomb-driven” MR-DFT, i.e., division
of the Coulomb operator. Now, we shall use the Yukawa type

03 — — "

01s — W CASCI ]
B CASCIH+DFT

Deviations to experimental values (A)

NO CH (Singlet) CH (Triplet)

Li2 F2
Molecular species
Figure 1. The deviations of bond distances optimized by

CASCI and CASCI-DFT methods to experimental ones for some
molecules.
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of potential®® for this purpose. In order to exploit this Coulomb
division only for double counting prescription, we need a little
device.

First, the exact electron interaction term is approximated as

(WS Vee | W) = UNR [0(r)] + EX [ p(r)]

clmb

2
+ Erc[p(r)] (28)

Here, the classical Coulomb term, Ugfrﬁb[p(r)], the exchange
term, E%R[p(r)], and long-range part of correlation term (the
third term at the right side) are covered by the wavefunction.
Obviously, the last term at the right side, which is just a RC
functional, is due to the short-range part. Thus, if we design
Erc[p(r)] so as to cover the short-range Coulomb-driven corre-
lation, the over-counting of electron correlation can be avoided
for any MR wavefunction. For this purpose, we follow a simple
form of RC functional by Savin and Flad,?® which is given by the
product of usual DFT correlation functional and its prefactor,

ERC[p(r)] = Cprefaclor[p(r)]EC[p(r)] (29)

They also provide the ratio of short-range part to the whole
Coulomb operator on electron correlation using quantum
Monte-Carlo computations, but the explicit prefactor functional
is not given. Thus, we apply the Pade[3,4] approximation for
their numerical data, leading to the prefactor functional,

1 [drdr
T / L I~ e PRy )
12

1 +ars+ azrs2 + 6137'3
L + asrg + asr? + agrd + azr?

Cprefactor[p(r)] = (30)
where r, = [37/4p]'/3. An important point is that this type
of RC functional can be applied for any combination of a
wavefunction and a correlation functional. Hereafter, we call this
prescription “Savin-Flad (SF)-Pad¢ approach.”

In order to estimate the first three terms at the right side, we
now defined the effective two-electron operator

Vel = 3 KKV, + Vel + VEIK)(K] (31

Here, V&L, VEL and VE! are classical Coulomb, exchange, and

correlation operators for CI wavefunction, respectively as

~ 1 deg enerac
CI g y
Veimb = B § d
+ CI Cl | + A
XYt Grtio| VR (Wl anor ikl ) (32)
~ 1 deg enerac
CI Z g y
VX = — 5 d
+ CI Cl | + ;s
XY it G| W) (Wl i (ij1K) (33)

1
5CI _ L ot —ata
Vo = 3 Ziﬂdaa, Ay iolip Ako’ — Ajpdic

deg eneracy CI Cl | o+
x Zd WSV a0 aro

deg eneracy .
+ CI CI + 1
+ a0y W W la ajor Sw] (k1)

(34)

Here, a;, aj are the creation and destruction operators for i-th

and j-th MOs, respectively. (ik|jl)! is a molecular integral
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0 ¢t
2L ]
S . +
2 | + B ]
= Fay
g 61 1
g + &
S 8[ | . ]
i X CASCI
2 0 -+ CASPT2
E-10 | M ICASCI-DFT(MSS-GC)
o 74 O ICASCI-DFT(SF-Pade:a=0.0)
A2 v ICASCI-DFT(SF-Pade:a=0.2)
' | O ICASCI-DFT(SF-Pade:a=0.5)
= & ICASCI-DFT(SF-Pade:a=1.0)
-14 | I i i I |
12 10 -8 -6 -4 2 0

Experimental values (eV)

Figure 2. Computational results of ICASCI-DFT, together with
CASCI, CASPT2, and experimental results on first-and second-
row atoms.

for long-range part of Coulomb repulsion in the physicist’s
notation,’

—ary;

1 _
(ikljl) = / drldr2¢i(r.)¢k<rz):’Tdy(r.)dnm) (35)

and the (ik|jl) is the corresponding original Coulomb repulsion
integral. These operators are designed to provide the following
expressions of classical Coulomb and exchange terms’

. 1 [dridr
UK p(r)] = 2 /rl—z PMr:k (1) Pyrx (72) (36)
12
. 1 dridr
EX®K [ p(r)] = — EZG/ ; 2 Pyr:x(F1,05120)
12
X Pyr:k (1205 110) 37

when we take expectation values in the kth state. Note here that
if the target state is N-fold degenerate, the density and density
matrix must be averaged over all of those N-fold states. These
correspond to the summation over d in eqs 32-34.

Therefore, the explicit form of the effective CI-DFT equa-
tion for the SF-Padeé scheme becomes

Hicrorr V) = Ecrorr| W) (38)

with the effective Hamiltonian,

Hicrorr = ), IDIT + Vel + Vex + Vrel) (U] (39)

2.4 Sample Calculations

The effectiveness of our MR-DFT approaches is checked
in the simple numerical examples. For molecular integrals of
Yukawa potential, we use Ugalde and Sarasola’s code? merged
into GAMESS.*® We performed other computations by using our
MR-DFT code. Figure 2 shows the correlation energies of first-
and second-row atoms: The horizontal axis is the experimental
result’! and the vertical line is the corresponding computational
values. The restricted HF (RHF) and restricted open HF (ROHF)
canonical orbitals are used for molecular orbitals of MR-DFT
calculations with 6-3114+G(2df,pd) basis. We choose mini-
mum active spaces for CASCI [n,m] (n electrons, m orbitals)

Chemistry Letters Vol.35, No.3 (2006)

computations. The minimum means that active orbitals are over
only smallest valence electrons, but so that CASCI solutions do
not reduce to RHF/ROHEF solutions, or do not remain arbitrari-
ness due to selections of 2p orbitals. This choice reflects the
small correlation corrections of CASCI for all atoms. The
correlation energies covered by CASPT2 are considerably larger
than the minimum CASCI, but those values are at most 75%
(CASPT2 for Be) of experimental ones. On the other hands,
the ICASCI-DFT with MSS-GC results show excellent agree-
ments with experimental ones for all atoms. On the other hand,
the correlation energies of ICASCI-DFT with SF-Pade scheme
strongly depend on screened parameter o of Yukawa potential.
This is because we fixed CASCI part of MR-DFT for any
a: a~! is a correlation-length of the short-range repulsion, which
is covered by DFT part. Therefore, as « increases, the correla-
tion energies of MR-DFT are expected to be decreased. Indeed,
the results show such behavior for various. We can see from this
figure that the correlation energies are overestimated for the
infinite correlation length (o' — o0) for most of atoms, and
reasonable correlation lengths exists in the range of 1-5 hartree.

¢ 3. Summary

We reviewed the recently developed MR-DFT. In contrast
to our previous CAS-DFT, which is only the energy correction
to CASCI method using DFT correlation, we developed the iter-
ative CI-DFT approach. The features are that (i) it is a “wave-
function-driven” MR-DFT and that (ii) it can be applied for
any combination of a wavefucntion and a DFT correlation func-
tional if the SF-Padé scheme is employed. From a fundamental
aspect, it is just one class of DFTs, where the CI coefficients
are used to vary the density. As for numerical results, the itera-
tive CASCI-DFT with MSS-GC-LYP RC functional reproduces
the qualitative correlation energies for all of atoms. The results
of ICASCI-DFT with the SF-Pade scheme are also excellent,
but considerably depend on the Yukawa parameter, i.e., the
correlation length for RC potential. This is not a disappointing
feature from the viewpoint of practical computations. Indeed,
the parameter of a screened potential could be fixed to reproduce
excellent results like screened Coulomb hybrid functional.3>33
Finally, we summarized the schematic illustration of recent
developed MR-DFTs together with related methods in Figure 3.
The W and pin 2 x 2 unit indicate that wavefunction and density

Exchange
Y| Y Y| vY Y| Y VY v p wip P|Y plp
Correlation
VIV ||| [Y[p] |¥]P|[¥]P plp||P|P PP
v Y PP p Yip||¥ NP plp plp plp
Wavefunction | |CASCI-DET ICASCI-DET  IMRCI-DFT Coulomb-driven Scfe%'FHTVb”d Screen Hybrid  Density functional
theory (MSS-GC) (SF-Padg) (SF-Pade) MR-DFT DFT theory (DFT)
? g | Tl todsime
Kusakabe
2001)
MR-DET Long-range Short-range
N ¥

Nondynamical plp

Dynamical plp

Figure 3. The features of the recent developed MR-DFTs
together with, WFT, KS-DFT, and screen Hybrid-DFTs.
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functional are used to cover the part of electron correlations, re-
spectively. The vertical partition is for nondynamical /dynamical
correlation effects and the horizontal partition for long-range/
short-range parts of Coulomb division. In the screened Coulomb
hybrid DFT, the long- or short-range part of exchange term is
covered by the exact HF term, while all part of correlation is
covered by the pure DFT. In contrast, there are two types of
MR-DFTs, i.e., “wavefunction-driven” and “Coulomb-driven”
MR-DFTs as reviewed in this article. Usual “wavefunction-driv-
en” MR-DFT is irrelevant to the partition of Coulomb division
as shown in the MSS-GC unit. On the other hands, it is inevitable
to divide both exchange and correlation terms into long-and-
short range parts in a pure “Coulomb-driven” MR-DFT. We
employ this Coulomb partition only to adopt a more flexible
wavefunction in our MR-DFT (IMRCI-DFT with SF-Pade
scheme). If we note that a1 is the correlation length, the corre-
lation factor approach* could be used to construct a «-depend-
ent RC functional. Such an approach combined with ICI-DFT is
one direction of the practical method of ICI-DFT.

This research is partially supported by a Grand-in-Aid
for NAREGI project from the Ministry of Education, Culture,
Sports, Science and Technology, Japan and JST CREST.
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